A small strain tensor for the geometrically exact thin-walled composite beam by Saravia, César Martín et al.
A SMALL STRAIN TENSOR FOR THE GEOMETRICALLY EXACT 
THIN-WALLED COMPOSITE BEAM 
C. Martín Saravia *,  L. Joaquín Saravia *, Víctor H. Cortínez* 
* Centro de Investigaciones en Mecánica Teórica y Aplicada, CONICET-Universidad Tecnológica 
Nacional, Facultad Regional Bahía Blanca, 11 de Abril 461, 8000 Bahía Blanca, Argentina. 
 
Keywords: Composite Beams; Finite Elements; Finite Rotations; Thin-walled beams. 
  
Abstract. This work presents the derivation of a small strain tensor compatible with the 
geometrically exact kinematics of the thin walled composite beam theory. The formulation is based on 
the expression of the Green strain tensor in terms of a pure linear strain plus a pure nonlinear strain 
measure obtained through the decomposition of the deformation gradient. The discrete small strain 
measures are expressed in terms of the current director and displacement fields and its derivatives in 
terms of very simple relations; they result to be objective under rigid body motion and independent of 
the integration path. The formulation is consistent in the sense that both the strain measures and the 
constitutive relations are valid for small strains.  
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1 INTRODUCTION 
The use composite beam formulations for modeling structural components is still a 
common practice; the structural behavior of several modern machines such as wind turbines, 
satellites and modern buildings is generally predicted using composite beam formulations. 
Several approaches that deal with the thin-walled composite beam problem can be found in 
the literature; generally they are derived from Vlasov’s theory. It is often found that the 
derivations lead to both geometrical and constitutive inconsistencies. Despite being vastly 
investigated, still a large amount of efforts are being done by researchers from all over the 
world to improve the thin-walled beam theory; thus we consider that it is worth to develop a 
consistent geometrically exact formulation for composite thin-beams.  
The thin–walled beam formulation is due to Vlasov (Vlasov, 1961), it has survived fifty 
years without significant changes. One of the principal extensions of the theory was the 
introduction of the constitutive modeling of composite materials; in this direction, Prof. 
Librescu was probably who developed the majority of the composite material aspects 
(Librescu, 2006). As a common aspect, most of the thin-walled formulations that can be 
found in the literature begin with the assumption of a displacement field, which is then 
introduced into the Green strain expression to obtain the strain measures in terms of the 
kinematic variables and its derivatives. Almost exclusively, the kinematic variables are 
considered as three displacements and three rotations per node; a warping kinematic variable 
can be found as well.  
A careful revision of the thin walled beam literature shows that at least one of the 
following four inconsistencies can be found in almost every work treating thin walled beams: 
i) the displacements field is said to describe moderate or large kinematical changes while the 
rotation variables are treated as vectors, ii) a linear or second order nonlinear displacement 
field is introduced into an exact large strain expression, iii) terms of the Green strain regarded 
as nonlinear strain measures are eliminated while the objectivity of the resulting “linear” 
strain measures is lost and iv) the kinematic part of the theory admits large strains while the 
constitutive law is only valid for small strains. 
If, for example, the developments by Librescu et al. in (Librescu, 2006) are carefully 
analyzed, it can be seen that they suffer from inconsistencies i, ii and iv. Also the works by Pi 
et al. (Pi and Bradford, 2001; Pi and Bradford, 2001; Pi, Bradford et al., 2005) suffer from 
inconsistencies i and iii. In (Pi and Bradford, 2001; Pi and Bradford, 2001), the rotation 
matrix is second order accurate and its components are treated as vector functions; also, some 
non pure strain higher order terms of the Green strain measure are eliminated and then the 
objectivity is lost. In (Pi, Bradford et al., 2005) an exact rotation matrix is used, but the 
elimination of non pure strain terms leads again to a loss of objectivity of the formulation; 
also, the rotation matrix is said to belong to the Special Orthogonal Group (SO3) while it is 
linearized as it belongs to a vector space. The theories developed by Cortínez, Piován and 
Machado in works (Cortínez and Piovan, 2002; Machado and Cortínez, 2005; Cortínez and 
Piovan, 2006; Machado and Cortínez, 2007; Piovan and Cortínez, 2007) for the study of the 
dynamic stability, vibration, buckling and postbuckling of both open and cross section 
composite TWB suffer from inconsistencies i, ii and iv. The displacement field is assumed to 
be small or moderate while it is introduced into an expression of large; indeed the constitutive 
law is only valid for small strains. 
Saravia et. al. (Saravia, Machado et al., 2011; Saravia, Machado et al., 2012) presented 
Eulerian and Lagrangian geometrically exact formulations for thin-walled composite beams 
using a parametrization in terms of director vectors, which suffer from inconsistency iv. This 
formulation can describe geometrical and strain changes of arbitrary magnitude consistently; 
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however, the constitutive law is only valid for small strains. The presence of inconsistency iv 
is also the case of most geometrically exact formulations developed for isotropic beams, see 
for instance (Simo, 1985; Simo and Vu-Quoc, 1986; Cardona and Geradin, 1988; 
Ibrahimbegovic, 1997). 
The mentioned formulations are only examples of the vast amount of works that present 
the mentioned inconsistencies. Although it can be arguable if the errors that arise from them 
has influence for practical purposes, the uncertainty about the limit of application of these 
theories strongly motivates the development of a consistent approach in which an assessment 
of validity is not needed. In this context, this paper presents the development of a large 
deformation-small strain formulation for composite thin walled composite beams. The 
discrete small strain measures are expressed in terms of the current director and displacement 
fields and its derivatives; the obtained relations are remarkably simple and do not involve 
derivatives of the reference triads. Also, they result to be objective under rigid body motion 
and independent of the integration path. 
2 KINEMATICS 
The kinematic description of the beam is extracted from the relations between two states of 
a beam, an undeformed reference state (denoted as 𝓑0) and a deformed state (denoted as ℬ), 
as it is shown in Fig. 1. Being 𝒂𝑖 a spatial frame of reference, we define two orthonormal 
frames: a reference frame 𝑬𝑖 and a current frame 𝒆𝑖.  
 
Figure 1. 3D beam. 
The displacement of a point in the deformed beam measured with respect to the 
undeformed reference state can be expressed in the global coordinate system 𝒂𝑖 in terms of a 
vector 𝒖 = (𝑢1, 𝑢2, 𝑢3).  
The current frame ei is a function of a running length coordinate along the reference line of 
the beam, denoted as x, and is fixed to the beam cross-section. For convenience, we choose 
the reference curve 𝒞 to be the locus of cross-sectional inertia centroids. The origin of ei is 
located on the reference line of the beam and is called pole. The cross-section of the beam is 
arbitrary and initially normal to the reference line.  
The relations between the orthonormal frames are given by the linear transformations: 
 𝑬𝑖 = 𝜦𝟎(𝑥)𝒂𝑖,               𝒆𝑖 = 𝜦(𝑥)𝑬𝑖, (1) 
Where 𝜦0(𝑥) and 𝜦0(𝑥) are two-point tensor fields ∈ SO(3); the special orthogonal (Lie) 
group. Thus, it is satisfied that 𝜦0
𝑇𝜦0 = 𝑰, 𝜦
𝑇𝜦 = 𝑰. We will consider that the beam element 
is straight, so we set 𝜦0 = 𝑰.  
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Recalling the relations (1), we can express the position vectors of a point in the beam in the 
undeformed and deformed configuration respectively as: 
 𝑿(𝑠, 𝑋2, 𝑋3) = 𝑿0(𝑥) + ∑𝑋𝑖
3
𝑖=2
𝑬𝑖,         𝒙(𝑠, 𝑋2, 𝑋3, 𝑡) = 𝒙0(𝑠, 𝑡) + ∑𝑋𝑖
3
𝑖=2
𝒆𝑖.  (2) 
Where in both equations the first term stands for the position of the pole and the second 
term stands for the position of a point in the cross section relative to the pole. Note that x is 
the running length coordinate and 𝑿2 and 𝑿3 are cross section coordinates. At this point we 
note that since the present formulation is thought to be used for modeling high aspect ratio 
composite beams, the warping displacement is not included. As it is widely known, for such 
type of beams the warping effect is negligible (Hodges, 2006).  
Also, it is possible to express the displacement field as: 
 𝒖(𝑠, 𝑋2, 𝑋3, 𝑡) = 𝒙 − 𝑿 = 𝒖0(𝑠, 𝑡) + (𝚲 − 𝐈)∑𝑋𝑖
3
2
𝑬𝑖, (3) 
where 𝑢0 represents the displacement of the kinematic center of reduction, i.e. the pole.  
The nonlinear manifold of 3D rotation transformations 𝜦(𝜽) (belonging to the special 
orthogonal Lie Group SO(3)) is obtained mathematically by means of a trigonometric form in 
terms of the Cartesian rotation vector (Cardona and Geradin, 1988). The rotation tensor 
component form can be written as: 
 𝜦 = ∑ 𝛬𝑖𝑗𝑬𝑖⨂𝑬𝑗
3
𝑖,𝑗=1
, (4) 
where the components 𝜦𝑖𝑗 can be obtained as 
 𝛬𝑖𝑗 = 𝑬𝑖 ⋅ 𝜦𝑬𝑗 = 𝑬𝑖 ⋅ 𝒆𝑗; (5) 
thus, it is possible to express the rotation tensor as: 
 𝜦 = ∑ (𝑬𝑖 ⋅ 𝒆𝑗)
3
𝑖,𝑗=1
𝑬𝑖⨂𝑬𝑗 . (6) 
Now, using the tensor product property (𝒂⨂𝒃)𝒄 = (𝒄 ⋅ 𝒃)𝒂, we can obtain: 
 𝜦 = ∑ (𝑬𝑖⨂𝑬𝑖)
3
𝑖,𝑗=1
𝒆𝑗⨂𝑬𝑗 = ∑𝑰
3
𝑗=1
𝒆𝑗⨂𝑬𝑗 , (7) 
Finally, with summation from 1 to 3 implicitly assumed, we can obtain the following 
expression for the rotation tensor: 
 𝜦 = 𝒆𝑗⨂𝑬𝑗, (8) 
which will be a very useful expression for the derivation of a pure vectorial measure of the 
Green strain.  
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3 THE SMALL STRAIN TENSOR 
3.1   The Green strain measure 
The main motivation to develop a large deformations-small strain theory is to give 
consistency to the constitutive formulation of the geometrically exact composite thin-walled 
beam theory (Saravia, Machado et al., 2011; Saravia, Machado et al., 2012); since the 
constitutive equations are only valid for small strains, it is important to derive a strain tensor 
that is consistent with this assumption.  
As it was stated, most of the geometrically exact beam formulations presented in the 
literature assume a linear elastic constitutive law which is valid only for small strains, but the 
constitutive equation are fed with a large strain deformation tensor.  
It is not trivial to transform a large strain tensor in a small strain tensor without losing its 
objectivity under rigid body motions (Auricchio, Carotenuto et al., 2008). The Green strain 
tensor is commonly written in three different forms: 
 𝑬 =
1
2
(𝒙,𝑖 ∙ 𝒙,𝑗 − 𝑿,𝑖 ∙ 𝑿,𝑗), (9) 
 𝑬 =
1
2
((𝛻𝑿⨂𝒖)
𝑠 + (𝛻𝑿⨂𝒖)
𝑇𝛻𝑿⨂𝒖), (10) 
 𝑬 =
1
2
(𝑭𝑇𝑭 − 𝑰), (11) 
where the displacement gradient is: 
 𝛻𝑿⨂𝒖 =
𝜕𝒖
𝜕𝑿
 (12) 
It must be noted that none of these forms can be directly seen as a linear plus a nonlinear 
pure strain measure, so elimination of any term in the above expressions does not guarantees 
that the resulting formulation will be objective. It must be noted that although Eq. (10) is 
sometimes understood as a linear plus a nonlinear component of strain, the gradient of the 
displacement field is not objective under rigid body motion, and thus it is not a pure measure 
of strain, i.e. it contains information related to both strain and kinematics.  
3.2   The deformation gradient 
In order to obtain a small strain measure without losing the capability of describing a large 
deformation behavior it is necessary to derive a linear pure strain measure from one of the 
expressions of the Green strain. The expression of the Green strain in terms of the 
deformation gradient, i.e. Eq. (11), has resulted useful for deriving a pure strain measure 
(Auricchio, Carotenuto et al., 2008). 
The deformation gradient is a two point tensor given by the derivatives of the current 
positions with respect to the reference configuration as: 
 𝑭 = 𝛻𝑿⨂𝒙 =
𝜕𝒙
𝜕𝑿
; (13) 
then it relates quantities in the current configuration with quantities in the reference 
configuration. Eventually, we could also write the deformation gradient as: 
 𝑭 = 𝑓𝑖𝑗𝒆𝑖⨂𝑬𝑗 ,          𝑓𝑖𝑗 =
𝜕?̅?𝑖
𝜕𝑋𝑗
. (14) 
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In order to exploit the above expression it should be necessary to express the current 
position vector as 𝒙 = ?̅?𝑖𝒆𝑖, but this is not convenient since the translational part of 𝒙, i.e. 𝒙0, 
is naturally expressed as 𝒙0 = 𝑥0𝑖𝑬𝑖. Push forwarding 𝒙0 to express it in the current frame is 
would complicate the derivation since the rotation vector would appear explicitly; then, it is 
convenient to avoid thinking of 𝒆𝑖 as a current reference frame and consider it as just a triad 
attached to the cross section. Then, the expression of the deformation gradient can be written 
as: 
 𝑭 = 𝐹𝑖𝑗𝑬𝑖⨂𝑬𝑗 ,          𝐹𝑖𝑗 =
𝜕𝑥𝑖
𝜕𝑋𝑗
; (15) 
being 𝑥𝑖 = 𝒙 ⋅ 𝑬𝑖 it is possible to operate on the deformation gradient as: 
 𝑭 =
𝜕𝑥𝑖
𝜕𝑋𝑗
𝑬𝑖⨂𝑬𝑗 =
𝜕(𝑥𝑖𝑬𝑖)
𝜕𝑋𝑗
⨂𝑬𝑗 =
𝜕𝒙
𝜕𝑋𝑗
⨂𝑬𝑗 , (16) 
and find a suitable explicit expression of the deformation gradient tensor.  
Now, the materials derivatives of the position vector can be easily obtained as: 
 
𝜕𝒙
𝜕𝑋1
= 𝒙,𝑠 = 𝒙0
′ + 𝑋2𝒆2
′ + 𝑋3𝒆3
′ , 
𝜕𝒙
𝜕𝑋2
= 𝒙,𝑋2 = 𝒆2, 
𝜕𝒙
𝜕𝑋3
= 𝒙,𝑋3 = 𝒆2. 
(17) 
Then we can insert these tangent vectors in Eq. (16) and obtain a pure vectorial expression 
for the deformation gradient as: 
 𝑭 = (𝒙0
′ + 𝑋𝛼𝒆𝛼
′ )⨂𝑬1 + 𝒆𝛼⨂𝑬𝛼, (18) 
where implicit summation over α = 2,3 has been assumed. 
It must be emphasized that Eq. (18) contains all the necessary information to describe the 
finite deformation-finite strain behavior of the beam. 
3.3    The small Green strain tensor  
Recalling the distributive property of the tensor product we can write the deformation 
gradient expression in Eq. (18) as: 
 𝑭 = (𝒙0
′ + 𝑋𝛼𝒆𝛼
′ )⨂𝑬1 + (𝒆𝑗⨂𝑬𝑗 − 𝒆1⨂𝑬1). (19) 
Rearranging some terms  and recalling Eq. (8) we can write: 
 𝑭 = 𝜦 + (𝒙0
′ − 𝒆1 + 𝑋𝛼𝒆𝛼
′ )⨂𝑬1. (20) 
From the above expression we define the pure current strain vector ϵ  as: 
 𝝐 = 𝒙0
′ − 𝒆1 + 𝑋𝛼𝒆𝛼
′ , (21) 
what permits to write the deformation gradient as: 
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 𝑭 = 𝜦 + 𝝐⨂𝑬1. (22) 
The last expression has a interesting meaning since the deformation gradient can now be 
seen as a pure “rigid” rotation imposed by 𝜦 plus a pure deformation measured by 𝝐; this is 
remarkable since for a finite deformation-finite strain problems the strain measures are not 
commonly written in terms of a sum of rigid body motion plus a straining motion. It must be 
noted that this assertion as well as the derivation of the pure strain measure is in accordance 
with the theoretical developments in (Auricchio, Carotenuto et al., 2008). 
Recalling Eq. (11) we can now write the Green strain tensor as: 
 𝑬 =
1
2
[(𝜦 + 𝝐⨂𝑬1)
𝑇(𝜦 + 𝝐⨂𝑬1) + 𝑰]. (23) 
This expression can be expanded to give: 
 𝑬 =
1
2
[𝜦𝑇𝜦 + 𝜦𝑇(𝝐⨂𝑬1) + (𝑬1⨂𝝐) 𝜦 + (𝑬1⨂𝝐)(𝝐⨂𝑬1) + 𝑰], (24) 
where we have used the property (𝒂⨂𝒃)𝑇 = (𝒃⨂𝒂). Exploiting the facts that 𝑨(𝒂⨂𝒃) =
(𝑨𝒂)⨂𝒃 and (𝒂⨂𝒃)𝑨 = 𝒂⨂(𝑨𝑇𝒃) then we can simplify the above expression to: 
 
𝑬 =
1
2
[𝜦𝑇𝝐⨂𝑬1 + 𝑬1⨂𝜦
𝑇𝝐 + (𝑬1⨂𝝐)(𝝐⨂𝑬1)] 
=
1
2
[𝜦𝑇𝝐⨂𝑬1 + 𝑬1⨂𝜦
𝑇𝝐 + ((𝑬1⨂𝝐)𝝐)⨂𝑬1]. 
(25) 
The last term can be rearranged if we consider that (𝒂⨂𝒃)𝒄 = (𝒄 ⋅ 𝒃)𝒂 and then: 
 𝑬 =
1
2
[𝜦𝑇𝝐⨂𝑬1 + 𝑬1⨂𝜦
𝑇𝝐 + (𝝐 ⋅ 𝝐)𝑬1⨂𝑬1] (26) 
Being 𝜦 = 𝒆𝑗⨂𝑬𝑗 , we can see that: 
 𝑬 =
1
2
[((𝒆𝑗⨂𝑬𝑗)
𝑇
𝝐)⨂𝑬1 + 𝑬1⨂((𝒆𝑗⨂𝑬𝑗)
𝑇
𝝐) + (𝝐 ⋅ 𝝐)𝑬1⨂𝑬1] (27) 
Again, using (𝒂⨂𝒃)𝒄 = (𝒄 ⋅ 𝒃)𝒂 on the first and second terms: 
 𝑬 =
1
2
[(𝝐 ⋅ 𝒆𝑗)𝑬𝑗⨂𝑬1 + 𝑬1⨂𝑬𝑗(𝝐 ⋅ 𝒆𝑗) + (𝝐 ⋅ 𝝐)𝑬1⨂𝑬1] (28) 
From the above equation we see that the last term is a pure nonlinear strain measure; so if 
it is desired to develop a large deformation-small strain formulation this term can be dropped. 
Thus, the matrix form of the small Green strain tensor is given by: 
 ?̅? =
[
 
 
 
 𝝐 ⋅ 𝒆1
1
2
𝝐 ⋅ 𝒆2
1
2
𝝐 ⋅ 𝒆3
1
2
𝝐 ⋅ 𝒆2 0 0
1
2
𝝐 ⋅ 𝒆3 0 0 ]
 
 
 
 
.  (29) 
We can write the explicit vector form of the small Green strain tensor as: 
 ?̅? = [
𝒙0
′ ⋅ 𝒆1 − 1 + 𝑋𝛼𝒆𝛼
′ ⋅ 𝒆1
𝒙0
′ ⋅ 𝒆2 + 𝑋3𝒆3
′ ⋅ 𝒆2
𝒙0
′ ⋅ 𝒆3 + 𝑋2𝒆2
′ ⋅ 𝒆3
].  (30) 
The cross section geometric terms can be extracted from the above expression and then it 
is possible to write ?̅? as: 
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 ?̅? = 𝑫 𝜺, (31) 
where the cross-sectional transformation matrix is: 
 𝑫 = [
1 𝑋3 𝑋2 0 0 0
0 0 0 1 0 −𝑋3
0 0 0 0 1 𝑋2
].  (32) 
And the generalized small strain vector needs to be defined as: 
 𝜺 =
[
 
 
 
 
 
𝜖
κ2
κ3
γ2
γ3
κ1]
 
 
 
 
 
=
[
 
 
 
 
 
 
𝒙0
′ ⋅ 𝒆1 − 1
𝒆1 ⋅ 𝒆3
′
𝒆1 ⋅ 𝒆2
′
𝒙0
′ ⋅ 𝒆2
𝒙0
′ ⋅ 𝒆3
𝒆2
′ ⋅ 𝒆3 ]
 
 
 
 
 
 
. (33) 
At this point it must be emphasized that the expression of the generalized large strain 
vector has a different expression: 
 𝜺 =
[
 
 
 
 
 
 
 
 
𝜖
κ2
κ3
γ2
γ3
κ1
χ2
χ3
χ23]
 
 
 
 
 
 
 
 
=
[
 
 
 
 
 
 
 
 
 
 
1
2
(𝒙0
′ ∙ 𝒙0
′ − 1)
𝒙0
′ ∙ 𝒆3
′
𝒙0
′ ∙ 𝒆2
′
𝒙0
′ ∙ 𝒆2
𝒙0
′ ∙ 𝒆3
𝒆2
′ ∙ 𝒆3
𝒆2
′ ∙ 𝒆2
′
𝒆3
′ ∙ 𝒆3
′
𝒆2
′ ∙ 𝒆3
′ ]
 
 
 
 
 
 
 
 
 
 
. (34) 
As expected, not only the number of generalized strains is reduced from nine to six, but 
also the expressions of the individual components are not the same, except for the shear 
strains. 
3.4   The virtual generalized small strain vector 
As shown in (Saravia, Machado et al., 2011; Saravia, Machado et al., 2012; Saravia, 
Machado et al., 2013), the variational equilibrium of the geometrically exact thin-walled beam 
formulation is expressed in terms of the variation of the generalized strain vector; which 
requires the obtention of the variation of the director field and its derivatives. 
 In the present formulation the variation of the Green strain gives: 
 𝛿𝜺 =
[
 
 
 
 
 
 
𝛿𝒙0
′ ⋅ 𝒆1 + 𝒙0
′ ⋅ 𝛿𝒆1
𝛿𝒆1 ⋅ 𝒆3
′ + 𝒆1 ⋅ 𝛿𝒆3
′
𝛿𝒆1 ⋅ 𝒆2
′ + 𝒆1 ⋅ 𝛿𝒆2
′
𝛿𝒙0
′ ⋅ 𝒆2 + 𝒙0
′ ⋅ 𝛿𝒆2
𝛿𝒙0
′ ⋅ 𝒆3 + 𝒙0
′ ⋅ 𝛿𝒆3
𝛿𝒆2
′ ⋅ 𝒆3 + 𝒆2
′ ⋅ 𝛿𝒆3]
 
 
 
 
 
 
. (35) 
In matrix form we can write the same expression as: 
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 𝛿𝜺 = ℍ 𝛿𝝋. (36) 
where 
 ℍ =
[
 
 
 
 
 
 
 
𝒆1
𝑇 𝟎 𝒙0
′ 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝒆3
′ 𝑇 𝟎 𝟎 𝟎 𝒆1
𝑇
𝟎 𝟎 𝒆2
′ 𝑇 𝟎 𝟎 𝒆1
𝑇 𝟎
𝒆2
𝑇 𝟎 𝟎 𝒙0
′ 𝑇 𝟎 𝟎 𝟎
𝒆3
𝑇 𝟎 𝟎 𝟎 𝒙0
′ 𝑇 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝒆2
′ 𝑇 𝒆3
𝑇 𝟎 ]
 
 
 
 
 
 
 
,        𝛿𝝋 =
[
 
 
 
 
 
 
 
𝛿𝒖0
′
𝛿𝜽
𝛿𝒆1
𝛿𝒆2
𝛿𝒆3
𝛿𝒆2
′
𝛿𝒆3
′ ]
 
 
 
 
 
 
 
. (37) 
The derivation of the geometrical stiffness terms requires the obtention of the linearization 
of the virtual generalized small strain vector, which gives: 
 𝛥𝛿𝜺 =
[
 
 
 
 
 
 
 𝛿𝒙0
′ ⋅ 𝛥𝒆1 + 𝛥𝒙0
′ ⋅ 𝛿𝒆1 + 𝒙0
′ ⋅ 𝛥𝛿𝒆1
𝛥𝛿𝒆1 ⋅ 𝒆3
′ + 𝛿𝒆1 ⋅ 𝛥𝒆3
′ + 𝛥𝒆1 ⋅ 𝛿𝒆3
′ + 𝒆1 ⋅ 𝛥𝛿𝒆3
′
𝛥𝛿𝒆1 ⋅ 𝒆2
′ + 𝛿𝒆1 ⋅ 𝛥𝒆2
′ + 𝛥𝒆1 ⋅ 𝛿𝒆2
′ + 𝒆1 ⋅ 𝛥𝛿𝒆2
′
𝛿𝒙0
′ ⋅ 𝛥𝒆2 + 𝛥𝒙0
′ ⋅ 𝛿𝒆2 + 𝒙0
′ ⋅ 𝛥𝛿𝒆2
𝛿𝒙0
′ ⋅ 𝛥𝒆3 + 𝛥𝒙0
′ ⋅ 𝛿𝒆3 + 𝒙0
′ ⋅ 𝛥𝛿𝒆3
𝛥𝛿𝒆2
′ ⋅ 𝒆3 + 𝛿𝒆2
′ ⋅ 𝛥𝒆3 + 𝛥𝒆2
′ ⋅ 𝛿𝒆3 + 𝒆2
′ ⋅ 𝛥𝛿𝒆3]
 
 
 
 
 
 
 
. (38) 
Having derived the expressions for the virtual strains it is now possible to obtain the 
variational equilibrium equations of the beam. For the sake of shortness we skip this 
derivation and present s brief assessment of the results given by the implementation of the 
large deformation-small strain formulation. 
4   NUMERICAL TESTS 
In order to evaluate the accuracy of the present formulation we show the evolution of the 
displacement field and the generalized strains of a curved cantilever beam subjected to a tip 
oblique load P = {4.0 × 104, − 4.0 × 104, 8.0 × 104}. The curved beam has a reference 
configuration defined by a 45º circular segment lying in the xy plane with radius 𝑅 = 100, see 
Figure 2.  
 
 
Figure 2. 45º Cantilever beam. 
The material properties of the composite beam are listed in Table 1; the cross section of the 
beam is boxed with sides of length 𝑏 = ℎ = 1 and thickness 𝑡 = 0.1. 
E11 E22 G12 G23 ν12 
45.0×109 12.0×109 5.5×109 5.5×109 0.3 
Table 1– Material properties of EFG-Epoxy layers. 
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The load generates a large deformation behavior, thus the ability of the large deformation-
small strain formulation can be addressed by a close comparison with the large deformation-
large strain formulation presented in (Saravia, Machado et al., 2012). As it can be seen from 
the evolution of the displacement field at the beam tip (see Figure 3), the present formulation 
behaves very well for the large deformation case. 
 
Figure 3. 45º Cantilever Beam – Evolution of displacements 
The Figures 4 and 5 show the progression of the generalized small strain components. It 
can be observed that the present formulation behaves relatively well still for moderate 
deformation cases.  
 
Figure 4. 45º Cantilever Beam – Evolution of strains 
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Figure 5. 45º Cantilever Beam – Evolution of strains 
5 CONCLUSIONS 
A formulation for the strain measure for studying large deformation-small strain cases of 
thin walled composite beams has been derived. The development was carried out with base in 
the geometrically exact thin-walled composite beam theory formulated previously by the 
authors. The formulation results in a simpler implementation; the evaluation of the element 
stiffness matrix is considerably cheaper in terms of computational cost.  
The preliminary results show the new strain measure can successfully handle situations 
where both displacements and rotations are large. Although not presented in this work, the 
new discrete strain measures can be proved to be objective under observer transformations. 
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